
Abstract. The coupling between improvement of the
basis set and the valence electron correlation method has
been studied quantitatively for the total atomization
energies (TAEs) of a number of small molecules, using
basis sets of up to �7s6p5d4f 3g2h=5s4p3d2f 1g� quality.
Very signi®cant coupling is found to exist. Using a scaled
basis set extrapolation beyond �6s5p4d3f 2g= 4s3p2d1f �
at the MP2 or CCSD level, mean absolute errors of 0.18
and 0.15 kcal/mol, respectively, can be obtained for the
TAEs of a number of small polyatomic molecules,
compared to 0.12 kcal/mol using CCSD(T) throughout.
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1 Introduction

One of the most vexing problems in carrying out high-
accuracy ab initio calculations has traditionally been the
very slow basis set convergence of the correlation energy.
As has been known for some time [1±3], the increments
to the correlation energy of a two-electron atom as a
function of angular momentum l converge asymptoti-
cally as A=�l� 1=2�4 � B=�l� 1=2�5 � � � �, where l is the
highest angular momentum present in the basis set. This
means that the truncation error for a basis with
maximum angular momentum L would be given as

E�L� � E1 ÿ A�L� 1�ÿ3
3

� B�L� 1�ÿ4
4

� O�Lÿ5� ; �1�
which is clearly a rather slow convergence. For example,
AlmloÈ f et al. [4] showed in a landmark paper that even a
multireference con®guration interaction (MRCI) calcu-
lation in a �6s5p4d3f 2g1h1i� basis set, after corrections
for core correlation and basis set superposition error,
still falls 2.4 kcal/mol short of the experimental dissoci-
ation energy of N2 (see also Ref. [5]).

By contrast, the electron correlation problem appears
to be largely solved, in that the CCSD(T) method [6, 7]
(i.e., coupled cluster with all single and double excita-

tions [8] and a quasiperturbative treatment of triple ex-
citations [6]) yields, for molecules where the SCF wave
function is a good zero-order reference, correlation
energies very close to the exact solution with the given
basis set [9].

Very recently, Martin and Taylor [10] reported a
study in which total atomization energies (TAEs, RDe
values) of a number of small polyatomics were obtained
with a mean absolute error of 0.12 kcal/mol, which is on
a par with the error bars on the experimental values.
These authors performed CCSD(T) calculations with
basis sets as large as �7s6p5d4f 3g2h=5s4p3d2f 1g�, and
subsequently carried out separate extrapolations of the
SCF and valence correlation components of TAE to the
one-particle basis limit. (Core correlation contributions
were considered to be additive and taken from previous
work [11].) For the SCF component TAESCF, a two-
point extrapolation of the form A� B=�l� 1=2�5 was
carried out, paralleling the similar technique in the CBS
method [12]; for the valence correlation component
TAEcorr, a three-point extrapolation of the form
A� B=�l� 1=2�C was used following our earlier argu-
ments [13]. The ®nal total atomization energy is then
obtained as

TAE � TAESCF�l!1� � TAEcorr�l!1� � TAEcore ;

�2�
where the contribution of the inner-shell correlation
TAEcore is evaluated as the di�erence between calculated
binding energies with and without inner-shell electrons
correlated, using special basis sets [14, 15] that contain a
large complement of high-exponent (hard) polarization
functions. Since these latter functions are very di�erent
from those required to accommodate valence shell
correlation, the core correlation contribution can fairly
safely be considered additive.

The main drawback of this method is its formidable
computational expense, owing to the steep dependence
of CPU time in CCSD(T) on the number of electrons n
and the size of the basis set N ; as is well known, each
CCSD iteration scales roughly as n2N4, while the ®nal
quasiperturbative triples step scales as n3N4. As a result,
ethylene was the largest molecule that could be treated
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by Martin and Taylor [10] with the available computa-
tional hardware.

The question therefore arises of whether the compu-
tational expense of this procedure cannot be reduced by
using more approximate correlation treatments for the
one-particle calibration (i.e., for gauging the e�ect of
further basis set expansion beyond some point of refer-
ence). That is, by using an additivity approximation of
the type

E�CCSD(T)=�l!1�� � E�CCSD(T)=�l � La��
� �E�M=�l!1�� ÿ E�M=�l � La��� �3�

for some approximate electron correlation method M
and some reference basis set with comparatively low
angular momentum La.

Approximations similar to the above are common in
such procedures as G2 theory [16]. They presuppose that
one-particle basis/n-particle space coupling is negligible
beyond the M=�l � La� level of theory. While this as-
sumption was shown not to a�ect the performance of G2
theory appreciably [17], it is not at all clear that this is
still the case for high-accuracy work. A quantitative
assessment of the importance of one-particular basis/
n-particle space coupling e�ects near the basis set limit
is therefore the subject of the present study. As a
by-product, some approximate methods will be derived
that permit accurate calculation of TAEs at signi®cantly
reduced computational expense.

2 Methods

All closed-shell coupled cluster and MP2 calculations
were carried out using the MOLPRO 961 ab initio
package running on a DEC Alpha TurboLaser 8200
5/300 at the Hebrew University, on a DEC Alpha 500/
500 MHz workstation at the Weizmann Institute and,
for the most demanding calculations in terms of disk
space, on the Cray C90 at San Diego Supercomputer
Center. The open-shell coupled cluster [18] and MP2 [19]
calculations required for the atoms were carried out
using the ACES II package2 run on the DEC Alpha at
the Weizmann Institute.

Dunning's correlation consistent basis sets [20, 21]
have been used throughout. These basis sets are designed
in such a way that they give a balanced treatment of
radial and angular atomic correlation, and therefore
constitute a good starting point for any extrapolation
based on the maximum angular momentum in the basis
set. It was shown repeatedly (e.g., [13, 14]) that the

availability of a full complement of di�use (low-expo-
nent) functions in the basis set is essential for calcula-
tions of the highest accuracy as opposed to the common
practice [22] of adding only di�use s and p functions to
the basis set, which only recovers about half the e�ect
[14] because no angular correlation in the tail region can
thus be accommodated. Therefore, the particular variant
of the correlation consistent basis sets used are the aug¢-
cc-pVnZ ones, where the prime refers to the suggestion
by Del Bene [23] that the di�use functions be omitted
from hydrogen atoms unless they carry signi®cant neg-
ative partial charges. (We previously found [13] that this
will a�ect results by less than 0.1 kcal/mol for su�-
ciently large basis sets.) The contracted sizes of these
basis sets are:

aug¢-cc-pVDZ [4s3p2d/2s1p],
aug¢-cc-pVTZ [5s4p3d2f/3s2p1d],
aug¢-cc-pVQZ [6s5p4d3f2g/4s3p2d1f],
aug¢-cc-p-V5Z [7s6p5d4f3g2h/5s4p3d2f1g].

For convenience, we will use the abbreviated notation
A¢VnZ for aug¢-cc-pVnZ.

All calculations were carried out from the CCSD(T)/
cc-pVQZ optimized geometries [24], and only valence
electron correlation was included explicitly. Core corre-
lation contributions were taken from earlier work [11,
25].

3 Results and discussion

The basis set increments ± that is, the di�erence between
aug¢-cc-pVnZ and aug¢-cc-pV(n)1)Z results ± for the
SCF and valence correlation part of the total atomiza-
tion energies of 14 small polyatomic molecules are given
in Table 1, including the ®nal increments added on by
the extrapolation step.

It is obvious that SCF convergence beyond A¢V5Z is
not an issue: in all cases, the extrapolation suggests that
the SCF/A¢V5Z values are removed from the Hartree-
Fock limit by less than 0.1 kcal/mol. The increments for
the valence correlation energy are rather more sizable
and, as expected, do not decay quite so rapidly as
the SCF ones. Even A¢V5Z appears to fall short by a
substantial amount for multiple bonds. The amounts
included through the extrapolation basically make the
di�erence between ``mere'' chemical accuracy (about
1 kcal/mol) and calibration accuracy which, given the
prevalent use of kJ/mol units in such thermochemical
reference compendia as the JANAF tables [26], will be
arbitrarily de®ned here as 1 kJ/mol (i.e., 0.24 kcal/mol)
or less.

If a particular approximate electron correlation
method would not be severely a�ected by one-particle
basis/n-particle space coupling, then either these incre-
ments would be reproduced faithfully (in the ideal case),
or at least a fairly constant percentage of them would be
recovered. Table 2 depicts the increments obtained at
the MP2 level, as well as the percentages of the cor-
responding CCSD(T) increments that are being recov-
ered.

1 MOLPRO 96 is an ab initio MO package written by H.J. Werner
and P.J. Knowles, with contributions from J.E. AlmloÈ f, R.D. Amos,
M.J.O. Deegan, S.T. Elbert, C. Hampel, W. Meyer, K.A. Peterson,
R.M. Pitzer, A.J. Stone, P.R. Taylor, and R. Lindh

2 ACES II is an ab initio program system written by J.F. Stanton, J.
Gauss, J.D. Watts, W. Lauderdale, and R.J. Bartlett, incorporating
the MOLECULE molecular integral program by J.E. AlmloÈ f and
P.R. Taylor and a modi®ed version of the ABACUS integral
derivative package by T. Helgaker, H.J. Aa. Jensen, P. Jùrgensen,
J. Olsen, and P.R. Taylor

228



This table immediately reveals that very substantial
coupling does indeed exist. On average, the percentage
recovered evolves from a mild underestimate for the
A¢VTZ±A¢VDZ increment to a severe overestimate for
the A¢V5Z±A¢VQZ increment. Not only that, but the
percentage of that latter increment recovered is quite
erratic, ranging from 107% for CO2 to 194% for H2.

As a consequence, the extrapolation term A0V1Z±
A0V5Z is overshot even more severely, with the 153% of
N2 and 188% of CH4 being quite typical.

3

The fact that the onset of this behavior has appar-
ently not yet occured for basis sets of spdf quality may
explain why one-particle basis set calibration at the MP2
level was found to perform reasonably well in the con-
text of G2 theory, which strives for mere chemical
accuracy at an a�ordable computational cost. Since,
however, ``calibration'' accuracy mandates the use of
much larger basis sets, MP2 would appear clearly un-
acceptable for our purposes.

The same analysis is made in Table 3 for the CCSD
method. The behavior here is seen to be completely
di�erent: with the exception of F2 (which has a large
contribution of triple excitations to its binding energy),
CCSD recovers a fairly constant percentage of the
CCSD(T) basis set increments starting at the A¢VQZ±
A¢VTZ one. It would therefore appear natural to suggest
the following approximate extrapolation:

TAEcorr�CCSD(T)=A0V1Z� � TAEcorr�CCSD(T)=A0VQZ�

� TAEcorr�CCSD(T)=A0VQZ� ÿ TAEcorr�CCSD(T)=A0VTZ�
TAEcorr�CCSD=A0VQZ� ÿ TAEcorr�CCSD=A0VTZ�

� �
;

� �TAEcorr�CCSD=A0V1Z� ÿ TAEcorr�CCSD=A0VQZ�� �4�

where it is recalled that TAEcorr�CCSD=A0V1Z�
is obtained by A� B=�l� 1=2�C extrapolation from
CCSD/A¢VTZ, CCSD/A¢VQZ, and CCSD/A¢V5Z re-
sults. Such an extrapolation would at least obviate the
need for the (T) step in the largest basis set, which will
result in signi®cant time savings for large molecules.
Moreover, a recent direct implementation has made
CCSD calculations with 500 or more basis functions or
more, and with dozens of electrons, a realistic possibility
even on workstation computers.

Table 1. Basis set increments
(kcal/mol) at the SCF and
CCSD(T) levels

SCF CCSD(T)

A¢VTZ± A¢VQZ± A¢V5Z± A0V1Z± A¢VTZ± A¢VQZ± A¢V5Z± A0V1Z±
A¢VDZ A¢VTZ A¢VQZ A¢V5Z A¢VDZ A¢VTZ A¢VQZ A¢V5Z

HNO 3.05 0.72 0.03 0.02 11.33 4.42 1.45 1.22
CO2 7.37 1.30 0.06 0.03 12.63 5.85 1.90 1.59
CO 4.63 0.96 0.06 0.04 6.94 3.35 1.14 1.04
F2 3.73 )0.02 0.02 0.01 3.23 1.25 0.38 0.28
N2 5.27 1.01 0.09 0.05 11.58 4.80 1.71 1.66
N2O 6.92 1.29 0.10 0.06 16.77 6.83 2.21 1.84
C2H2 8.43 0.82 0.15 0.09 15.49 4.85 1.41 1.00
CH4 5.37 0.41 0.13 0.08 12.04 3.25 0.91 0.61
H2CO 5.48 0.73 0.09 0.05 12.18 4.45 1.37 1.06
H2O 1.83 0.39 0.04 0.02 7.84 2.92 0.80 0.51
H2 1.99 0.14 0.04 0.02 2.94 0.60 0.18 0.13
HCN 6.07 0.81 0.09 0.05 13.05 4.80 1.55 1.28
HF 1.52 0.19 0.01 0.01 3.77 1.61 0.37 0.19
NH3 3.66 0.44 0.09 0.05 11.96 3.91 1.12 0.78

Table 2. Performance for
computed basis set increments
at the MP2 level

MP2 increments (kcal/mol) Percentage recovered

A¢VTZ± A¢VQZ± A¢V5Z± A0V1Z± A¢VTZ± A¢VQZ± A¢V5Z± A0V1Z±
A¢VDZ A¢VTZ A¢VQZ A¢V5Z A¢VDZ A¢VTZ A¢VQZ A¢V5Z

HNO 10.74 4.59 1.75 1.92 94.8 103.9 121.2 157.0
CO2 10.92 5.43 2.03 2.15 86.5 92.8 106.8 135.2
CO 6.00 3.16 1.23 1.40 86.5 94.4 107.4 134.4
F2 3.09 1.27 0.43 0.37 95.5 101.4 113.3 133.5
N2 10.22 4.81 1.99 2.54 88.3 100.2 116.4 153.2
N2O 15.11 6.78 2.54 2.70 90.1 99.2 114.8 146.5
C2H2 13.65 4.89 1.69 1.56 88.2 100.8 119.7 156.0
CH4 11.89 3.67 1.26 1.15 98.8 112.9 138.4 188.4
H2CO 11.36 4.52 1.63 1.62 93.3 101.4 118.6 152.9
H2O 7.86 3.13 1.05 0.92 100.2 107.0 131.1 178.3
H2 3.32 0.90 0.34 0.37 113.2 149.2 193.8 292.7
HCN 11.49 4.84 1.84 2.02 88.0 100.8 119.0 157.0
HF 3.89 1.70 0.49 0.34 103.0 105.1 131.2 178.0
NH3 11.63 4.33 1.54 1.48 97.2 110.7 136.8 190.1

3 Similar behavior is seen in unpublished work by Bennett [27],
who considered the use of Feller's geometric extrapolation [28]
in conjunction with MP2/cc-pVDZ, MP2/cc-pVTZ, and MP2/
cc-pVQZ calculations
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The performance of this extrapolation is shown in
Table 4. It can be seen that the CCSD-based extrapo-
lation, Eq. (4), performs very well, producing results
within 0.05 kcal/mol (on average), of the CCSD(T)
based extrapolation. The largest deviations, 0.10 kcal/
mol, occur for F2 and N2O. After applying the addi-
tional correction of 0:126� �bond order� kcal/mol per
nitrogen-involving bond suggested by Martin and
Taylor [10], the mean absolute deviation of the total
atomization energies themselves from the experimental
values comes to 0.20 kcal/mol or, after eliminating F2,
to 0.15 kcal/mol. (The F2 molecule has a correlation
contribution of about 180% to TAE, being unbound at

the SCF level. This probably accounts for it being an
outlier.) Such agreement with the experimental results
requires no further explanation.

It should be noted that the results using the full
CCSD(T) extrapolated TAEcorr given in Table 4 di�er by
a few hundredths of a kcal/mol from the results of
Martin and Taylor [10] owing to the di�erent de®nitions
of open-shell CCSD(T) being used for the atomic ener-
gies. In [10], the de®nition as programmed in MOLPRO
[7] was employed, while in the present study, the use of
the de®nition in ACES II [18] was required for consis-
tency with the open-shell MP2 de®nition in use. The
accuracy of the results is not a�ected: as in [10], the

Table 3. Performance for com-
puted basis set increments at the
CCSD level

CCSD increments (kcal/mol) Percentage recovered

A¢VTZ± A¢VQZ± A¢V5Z± A0V1Z± A¢VTZ± A¢VQZ± A¢V5Z± A0V1Z±
A¢VDZ A¢VTZ A¢VQZ A¢V5Z A¢VDZ A¢VTZ A¢VQZ A¢V5Z

HNO 9.11 3.99 1.28 1.06 80.4 90.2 88.9 86.8
CO2 9.76 5.31 1.70 1.39 77.3 90.7 89.4 87.4
CO 5.27 3.03 1.02 0.90 76.0 90.5 89.0 86.6
F2 1.38 0.88 0.24 0.15 42.6 70.5 63.5 54.5
N2 9.60 4.43 1.56 1.49 82.9 92.4 91.3 89.5
N2O 13.32 6.18 1.97 1.60 79.4 90.4 89.0 86.9
C2H2 13.73 4.49 1.30 0.91 88.7 92.7 91.9 90.8
CH4 11.26 3.09 0.87 0.58 93.6 94.9 95.1 95.5
H2CO 10.32 4.08 1.24 0.95 84.7 91.7 90.6 88.9
H2O 6.59 2.70 0.73 0.46 84.1 92.2 91.2 89.9
H2 2.94 0.60 0.18 0.13 100.0 100.0 100.0 100.0
HCN 11.19 4.44 1.42 1.15 85.8 92.4 91.5 90.0
HF 2.87 1.47 0.33 0.16 76.1 90.9 88.2 84.8
NH3 10.87 3.69 1.06 0.73 90.8 94.4 94.2 93.8

Table 4. Performance for several approximate basis set extrapolation methods for total atomization energies (TAE, RDe). All quantities are
in kcal/mol

Extrapolated valence correlation
part of TAE

Extrapolated
SCF TAE

Core correlation
TAE Ref. [11]

Extrapolated RDe
a Experimentb

MP2c CCSDc CCSD(T) MP2 CCSD CCSD(T)

Eq.(5) Eq.(4) Eq.(5) Eq.(4)

HNO 119.28 119.24 119.31 85.44 0.48 205.50 205.53 205.60 205.64(6)
CO2 130.17 129.73 129.82 258.08 1.78 389.95 389.59 389.68 389.68(6)
CO 77.10 76.90 76.97 181.59 0.96 259.66 259.46 259.53 259.58(12)
F2 69.41 69.32 69.42 )31.07 )0.07 38.27 38.18 38.28 39.01(10)
N2 107.58 107.42 107.49 119.71 0.85 228.42 228.36 228.43 228.42(3)
N2O 173.35 173.09 173.20 95.15 1.26 270.15 270.01 270.11 270.60(10)
C2H2 102.65 102.59 102.63 299.93 2.44 404.97 404.96 404.99 405.53(24)
CH4 87.15 87.31 87.31 331.6 1.25 419.98 420.16 420.16 420.23(14)
H2CO 108.11 108.06 108.10 264.86 1.32 374.25 374.23 374.28 374.09(16)
H2O 72.32 72.36 72.39 160.03 0.38 232.71 232.78 232.80 232.83(2)
H2 25.52 25.62 25.62 83.86 0.00 109.38 109.48 109.48 109.48(0)
HCN 106.84 106.74 106.79 204.42 1.67 313.24 313.21 313.26 313.27(25)
HF 41.29 41.29 41.31 100.04 0.18 141.50 141.51 141.53 141.57(17)
NH3 93.60 93.73 93.74 203.31 0.66 297.91 298.09 298.09 298.06(10)

Mean absolute error 0.22 0.20 0.16
without F2 0.18 0.15 0.12

a Including the correction of 0.126 ´ (bond order) kcal/mol suggested by Martin and Taylor [10] for each nitrogen-containing bond
bCompiled in Ref. [34]. Anharmonic zero-point energies and atomic spin-orbit splitting e�ects have been subtracted from the experimental
RD0 values to obtain spin-orbit averaged RDe values that can be directly compared with the present calculations. See Ref. [34] for details and
speci®c references
c Estimated
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mean absolute error, excluding the pathological case of
F2, is 0.12 kcal/mol, which is on a par with the average
of the experimental error bars, 0.11 kcal/mol.

Now how would the analog of Eq. (4) based on MP2
fare? That is, the expression

TAEcorr�CCSD(T)=A0V1Z� � TAEcorr�CCSD(T)=A0VQZ�

� TAEcorr�CCSD(T)=A0VQZ� ÿ TAEcorr�CCSD(T)=A0VTZ�
TAEcorr�MP2=A0VQZ� ÿ TAEcorr�MP2=A0VTZ�

� �
� �TAEcorr�MP2=A0V1Z� ÿ TAEcorr�MP2=A0VQZ�� : �5�
Again these results are given in Table 4. And, surpris-
ingly, their performance is quite creditable, their average
error of 0.22 kcal/mol (with respect to experiment) is on
a par with Eq. (4) despite a somewhat less systematic
error pattern. (The largest deviation between Eq. (5) and
using CCSD(T) calculations throughout is 0.27 kcal/mol
for CO2; the average discrepancy is 0.09 kcal/mol.) After
applying the same correction for bonds involving
nitrogen as in the CCSD case, the error drops to
0.18 kcal/mol. Since MP2 can be carried out for quite
large systems using direct methods [31±33], this opens
the perspective of theoretical thermochemistry in the
0.24 kcal/mol (i.e., 1 kJ/mol) accuracy range for medi-
um-sized molecules.

In situations where both direct MP2 and direct CCSD
are feasible for the largest basis set, direct CCSD may
still be more worthwhile, particularly for molecules
where some nondynamical correlation is present.

4 Conclusions

Based on the present study, we can assert that substan-
tial coupling exists between a one-particle basis set and
n-particle treatment for total atomization energies. At
the MP2 level, successive basis set increments are
progressively more severely over-estimated, and at the
CCSD level, a fairly constant percentage of the basis set
increments is obtained. By scaling the MP2 basis set
increments beyond A¢VQZ by the ratio between the
CCSD(T) and MP2 results for the A¢VQZ-A¢VTZ
increment, or similarly using CCSD instead of MP2,
very good approximations of the full CCSD(T) extrap-
olated values are obtained. Using MP2 or CCSD for the
basis set extrapolations beyond A¢VQZ together with
Eqs. (4) and (5) yields total atomization energies with
mean absolute errors of 0.17 and 0.15 kcal/mol, respec-
tively, compared with 0.12 kcal/mol when CCSD(T)
values are used throughout.
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